In this paper, we recall the topological approach to quantum Hall effects. We note that, in the presence of a magnetic field, trajectories representing elements of the system's braid group are of cyclotron orbit type. In two-dimensional spaces, this leads to the restriction of the full braid group, π 1 (Ω)-loopless generators (exchanges of M N coordinates or classical particles) are unenforceable. As a result, the identification of a possible Hall-like state comes down to the identification of a possible subgroup of π 1 (Ω). The latter follows from the connection between the one-dimensional unitary representation of the system's braid group and particle statistics (unavoidable for any correlated state). In this work, we implement the topological approach to derive the lowest Landau-level pyramid of fillings. We point out that it contains all mysterious odddenominator filling factors-like 4 11 , 4 13 or 6 17 -not trivial to explain within the standard picture. We also introduce, explicitly, cyclotron subgroup generators for all derived fractions. Preliminary results on wave functions, supported by several Monte Carlo calculations, are presented. It is worth emphasizing that not all proposed many-body functions are purely antisymmetric-they, however, transform in agreement with the scalar representations of the system's braid group. The latter is enforced by standard quantization methods.
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Introduction
The fractional quantum Hall effect (FQHE)-despite its long history [1] -is still one of the most intriguing and widely examined phenomena in the field of 2017 The Author(s) Published by the Royal Society. All rights reserved. condensed matter physics. Although basic requirements for the FQHE development are commonly known and understood (e.g. a two-dimensional topology of a sample, a low but non-zero disorder, etc.), new prerequisites are constantly being discovered. For example, it was recently shown that a high carrier mobility is also indissolubly bounded to this quantum effectbelow a selected μ min insulating phases are favourable [2] . Even within the widely accepted model, based on a composite-fermion (CF) creation, further work is needed to provide the explanation of certain incompressible fractions, also in the lowest Landau level (e.g. 4 11 ) [3] [4] [5] .
As an attempt to grasp the entire physics of Hall systems, the topological approach has been formulated [6] [7] [8] . In this paper, we briefly recall its basic assumptions (first section). We also demonstrate that it can be used to identify all Hall-like states with odd denominators within the LLL (second section). Finally, we show results of preliminary investigations concerning wave functions, supported by several Monte Carlo calculations (third section). We end the paper with concluding remarks.
Outline of the topological model
Our topological model of the FQHE is based on the well-known mathematical concept of braid groups [9, 10] . The full braid group, π 1 (Ω), is the homotopy group of an N-particle configuration space,
where M is a manifold on which the particles are placed, removes points for which at least two M N space coordinates are the same, and S N is a permutation group of N elements (its appearance follows from the assumed quantum indistinguishability of particles). As a result, π 1 (Ω) contains all closed trajectories performed in Ω and organized in homotopy classes-although the quotient group structure allows initial and final orderings of classical particles (identified with M N coordinates) to differ by permutations. In the case of simply connected manifolds, and without any additional restrictions, π 1 (Ω) is generated by σ i elements corresponding to exchanges of ith and (i + 1)th classical particles [11] . It should be emphasized that quantum particles do not travel the braid trajectories. However, the relationship between topological properties, reflected in π 1 (Ω), and quantum properties of an arbitrary system cannot be ignored. For example, in the standard quantization method, multi-particle state vectors, Ψ N , are selected as functions from Ω into complex numbers [12] . Hence, when classical particles-as arguments of a multi-particle wave function-are encircling a closed path in their configuration space, Ψ N acquires a phase equal to a one-dimensional unitary representation (1DUR) of the corresponding element from the system's braid group. Furthermore, the summation over classes of homotopical trajectories (with a 1DUR defining weight factors) is implemented in the Feynman path integral construction of a propagator [13] . As a consequence, the braid group and its scalar representations settle all types of the quantum statistics available for an investigated system (e.g. anyons may be considered only in selected two dimensions, where π 1 (Ω) = S N ; anyons cannot be realized on a torus; the quasi-particles proposed by Einarsson are connected to multi-dimensional state vectors from non-scalar quantum theories, which only mimic the scalar description [11] ).
Let us investigate the two-dimensional Euclidean space in the presence of a magnetic field. Trajectories which are circled in the M space and represent elements of the system's braid group are expected to be of cyclotron orbit type. The latter holds even when strong interactions are considered (although these trajectories may not be ordinary circles). Within the topological approach, we assume that the surface of a single-loop cyclotron path is defined by the archetype of a correlated incompressible state-the integer quantum Hall effect (IQHE) state [14, 15] . Hence, a plaque with area S/N 0 = hc/(eB) is the definition of a cyclotron orbit in the whole LLL (where S is a sample surface, and B is the magnetic field strength) [16] . Moreover, S/N 0 embraces exactly one magnetic field flux quantum, φ 0 = hc/e (since N 0 stands for a level degeneracy, but also for the total number of flux quanta piercing the sheet).
It is easy to note that in great magnetic fields the single-loop cyclotron path of a classical particle (as a representative of a braid group element) can be too small to reach an arbitrary neighbour. This applies if Coulomb repulsion forces protect a uniform distribution (thus, their appearance is a crucial requirement for our approach). In the presented conditions (e.g. a fractional filling of the LLL) simple exchanges, σ i , are unenforceable and need to be excluded from the braid group describing the system [6] . Only if the restricted version of the full group, π 1 (Ω), is a subgroup (the appropriate axioms are satisfied), the quantum statistics of particles is determined and the creation of a collective state can be considered. Since the FQHE is actually observed in experiments, the reduction of π 1 (Ω) has to result in the emergence of cyclotron subgroups for selected LLL filling factors, ν = N/N 0 . Generators, b i , of these systems' braid groups stand for novel, multi-loop exchanges of classical particles (loopless, σ i , cannot be defined). Finally, the recognition of all possible subgroups, together with appropriate commensurability conditions that determine magnetic field strengths for which they describe the many-body system, allows identification of all possible collective Hall-like states in the lowest Landau band.
Several assumptions concerning the theory and wave functions proposed in the following sections of this paper are worth commenting, since they may be confusing or unclear. Thus, we strongly recommend carefully reading these remarks before skipping to another part of the manuscript.
-Firstly, we do not treat electrons as classical (or semi-classical) particles. Classical trajectories considered in the paper cannot be identified with paths of electrons (since, in general, paths cannot be attributed to quantum particles). These trajectories should be understood as representatives of elements from the system's braid group (which is not a full braid group for two-dimensional manifolds placed in strong magnetic fields). It is of great importance that any multi-particle wave function (which is a function from the system's configuration space to complex numbers) has to transform in agreement with a 1DUR of the system's braid group. In other words, the quantum statistics of particles is set by a 1DUR of the system's braid group [11, 12] . The latter is not our assumption-it is a firmly established fact widely used in quantum mechanics of many-body systems. As a result, objections concerning the classical nature of our theory are not justified, since our approach is based on quantum-not classical-notions. It is worth noting that in Feynman's path integral formulation classical trajectories are also investigated (and, so, the braid groups), and no one doubts that it provides an entirely quantum-mechanical description of quantum systems (it can be proven that this approach is equivalent to the conventional Schrodinger's one). We refer readers to Laidlaw & de Witt [13] . -Secondly, in three-dimensional spaces, the system's braid group is the permutation group of N elements (and this is commonly known and understood). Hence, only two scalar representations exist [17, 18] . These 1DURs determine the well-known quantum statistics: the first identified with bosons (the phase change of Ψ N acquired after the exchange of two arguments equals to zero), and the second identified with fermions (the phase change of Ψ N equals to π ). This implies that multi-particle fermionic wave functions have to be antisymmetric, as a rule.
In two-dimensional spaces, the full braid group does not have the appealing form of the permutation group [9, 10] . As a result, an infinite number of 1DURs-and statistics-can be realized in a quantum system. The unique representation associated with the π phase change is, also in this case, identified with fermions. Thus, it is possible to define the group homomorphism that selects this particular representation In the topological approach, we assume that an external magnetic field reduces the full braid group to one of its subgroups (the system's braid group), at least for selected fillings. In the quantum Hall regime, the corresponding quantum statistics of particles is determined by the very same homomorphism, although with the subgroup instead of π 1 (Ω) implemented as the argument. It needs to be stressed that the scalar representation (and, so, the quantum statistics) obtained in this manner is different from one corresponding to fermions in the absence of a magnetic field, and the full braid group. As a consequence, wave functions presented in this article may not be fully antisymmetric. They, however, need to transform in agreement with the one-dimensional unitary representation of the system's braid group, which is provided by equation (2.2). The latter feature is required by standard rules of quantization [12] .
Multi-loop exchanges and hierarchies of fillings
It has already been mentioned that all cyclotron subgroups are generated by multi-loop exchanges. Thus, trajectories representing b i elements have to be open-they need to contain exactly one half-loop and an integer number, n, of complete loops. Simultaneously, cyclotron trajectories are closed by definition. As a result, the simplest non-trivial cyclotron paths for a given braid group (related to b i 2 braids) are always odd-looped, 2(n +
Let us now briefly demonstrate why multi-looped exchanges of particles (as arguments of Ψ N or M N coordinates, not real quantum particles) can be allowed for a system, even when simple ones are not.
Note that in three-dimensional spaces each loop of a q-looped trajectory increases the area encircled by this path-as a circumvolution adds a new surface to a coil. Therefore, it also increases the number of φ 0 per particle it experiences (q · BS/N = q · φ 0 /ν).
In two-dimensional manifolds, however, a supplementary loop cannot enhance a path's area, and the evidenced magnetic field flux per particle remains unchanged (BS/N = φ 0 /ν). As a consequence, all q loops are forced to share the total BS/N quantity, also experienced by a single-loop path. Hence, each loop receives the following fraction:
Here we have assumed that BS/N is equally divided between all loops. Note that every loopconstituting a q-looped path-evidences a single φ 0 attributed to a particle, when the filling factor, N/N 0 , is equal to 1/q (q −1 · BS/N = φ 0 ). Since the surface of a cyclotron orbit in the whole lowest Landau band embraces exactly one magnetic field flux quantum; hence, the area encircled by an arbitrary winding (of a q-loop trajectory) fits perfectly to the interparticle distance for these fillings. Despite the fact that loopless exchanges of neighbouring particles are not permitted in the system (S/N 0 < S/N = q · S/N 0 ), we have demonstrated that n-looped ones are accessible, and they generate cyclotron subgroups for filling factors from Laughlin's hierarchy
where q is an odd number. Slightly different commensurability conditions are also reasonable to investigate (normally, we should automatically skip to the general hierarchy put forward in the next part of the paper; it is, however, useful to distinguish this special case to clearly point out the connection between the composite-fermion theory and the presented approach). It is possible that each of q − 1 loops (included in a q-looped trajectory) receive a φ 0 share in the BS/N quantity attributed to a single particle. Simultaneously, the last loop evidences a residual and fractional portion of a magnetic field flux quantum, ±(1/x)φ 0 ,
. We can rewrite this equation
The above hierarchy has a well-recognizable form-it is identical to the hierarchy resulting from the standard, composite-fermion approach [19] . Note that for integer x the last loop embraces an entire φ 0 , when it fits perfectly to the separation of a classical electron and its xth-order neighbours
. Furthermore, this loop determines which particles, as M N coordinates or arguments of a wave function, can exchange. When it experiences a full quantum per particle, the nearest neighbours can be swapped, while when it evidences a 1/x fraction per particle, xth-order neighbours can. The corresponding n-looped exchanges of appropriate-order neighbours generate the cyclotron subgroup of a system, after the magnetic field of strength B is applied perpendicularly to the sample surface. It is worth emphasizing that we have assumed (minus sign in (3.3) and (3.4)) that the closing loop of a q-looped trajectory can be circled in the direction opposite to one enforced by the external magnetic field. Generally, the above considerations are also valid when q − 1 loops (included in a q-looped trajectory) are divided into sets. Each set contains an even number of loops, α ζ (with supplementary requirement ζ α ζ = q − 1, where ζ enumerates collections). Additionally, it is characterized by a ζ parameter which defines a magnetic field flux attributed to a single particle, ±(1/a ζ )φ 0 , and evidenced by each loop comprising the set (with supplementary requirements (1/a ζ )φ 0 ≥ (1/a χ )φ 0 and a χ mod a ζ = 0, where ζ ≤ χ ). Hence, we can write the commensurability conditions in the following manner:
where ν reproduces the complete LLL hierarchy of fillings obtained from the non-local approach to quantum Hall systems. Also in this general case, the ±(1/x)φ 0 quantity measures the fraction of a flux quantum per particle experienced by the last loop (where x mod a ζ = 0 for ζ = 1, 2, . . .). We emphasize that, once again, the closing loop of a q-looped trajectory defines which particles (as M N coordinates, or arguments of a wave function) can exchange. In spite of this, we still need a ζ numbers to be integers-a different assumption would result in the violation of minimal interparticle distance protected by Coulomb interactions. Furthermore, one cannot be misled by the presented conclusions, all loops-not only the closing one-contribute to the definition of an exchange trajectory (which represents a cyclotron subgroup generator). For example, later in this paper we demonstrate that α ζ and a ζ parameters determine how structured and complicated the system's braid group generators are. We should briefly explain why α ζ variables need to be even. While investigating commensurability conditions of multi-loop cyclotron paths, it may seem that cyclotron subgroups can be established (the FQHE can be developed) also for sets containing odd numbers of loops. However, in the topological approach, the exchange, not cyclotron, trajectories of classical particles (which represent the system braid group generators) are of the highest interest. Unfortunately, they are impossible to establish when at least one α χ is an odd number (this follows from explicit definitions of b i elements (3.11)).
Finally, let us add the last remark concerning equation (3.4) . It is easy to note that the obtained pyramid of fillings is just a generalized version of the well-known CF hierarchy (acquired for α 1 = q − 1 and a 1 = 1, when q − 1 loops are fitted to the interparticle separation). Thus, it seems that the flux quantum (flux tube or vortex) pinned to a quasi-particle [19] conveniently models the additional loop appearing in the non-trivial cyclotron trajectory (and a half-loop in the exchange path of M N coordinates, or wave function arguments).
We can now explicitly present the cyclotron subgroups generators. In the case of a basic filling, 1/q, we have In this paper, we also introduce b i generators for fractions from the standard Jain hierarchy with pluses in denominators, 8) and minuses in denominators (when the last loop is encircled in the opposite direction to previous ones),
The 1DUR has the following form:
Finally, we can establish cyclotron subgroup generators for unique ν, which we have derived within the topological approach to quantum Hall effects (figure 1),
The scalar representation, obtained using the group homomorphism, is as follows:
Once again we emphasize that cyclotronic loops considered in the present article are not true paths of any particles (in quantum world electrons do not travel trajectories)-they are topological, classical as a rule, objects related to braids and braid groups of systems exposed to strong magnetic fields. Nevertheless, the commensurability is a requirement which assures that cyclotron subgroup and statistics-unavoidable for correlated multi-particle states-are determined [12] .
One should be warned that highly structured generators, b i , are expected to produce great values of powers in polynomials included in Halperin-like generalizations of the Laughlin wave function (we believe that Ψ N arguments should be divided into separate sets, where each of the collections comprises elements interconnected by means of b i exchanges). It has already been observed that this (presumably also the complexity of generators) is unfavorable, and corresponding collective states are likely to be unstable against localization effects. For example, for fillings described by 9(11)-looped cyclotron paths (non-trivial, related to b 2 i braids) the Wigner crystal-and not the FQHE-phases are favourable [20] . Additionally, exact diagonalizations show that the expected values of Coulomb potential energy are increasing (while excitation gaps are decreasing) with a loop number, q [21] .
It is obvious that Coulomb interactions play an important role in the composite-fermion model. However, it needs to be stressed that they are also crucial for the non-local approach-they protect a minimal separation of classical particles. Without these repulsive forces, for noninteracting systems, only an average inter-particle distance is defined. Thus, classical particles can be occasionally found in close proximity, and classical trajectories which are not allowed for a fixed separation can occasionally appear. The latter precludes the cyclotron subgroup construction (the mathematical construction of braid groups uses classical notions; braid groups are, however, crucial in the description of quantum systems due to their connection with multi-particle wave functions and Feynman's propagators).
The filling factors obtained within the topological approach are presented in table 1. Among these fillings (majority of them have already been observed in transport measurements) are the famous and mysterious odd-denominator ν, e.g. which is still unclear in the standard theory. One may disagree with the stated problems of the quasi-particle approach, as it is currently believed that the mentioned ν (and a few additional from higher Landau bands) can be explained with residual interactions between composite fermions. Although, many proposals concerning the nature of states in a partially filled composite-fermion level have been made, the true origin of the mentioned fractions remains controversial (this is not strictly our belief or assumption; we refer readers to Mukherjee et al. [29] ). Furthermore, it seems highly confusing that residual interactions need to be unexpectedly strong to explain some of the recent transport measurements (e.g. graphene higher bands [30] ). As a result, the cyclotron subgroup model is the first one to identify all incompressible states in the LLL and, thus, it seems to fully capture the entire physics of Hall systems. Nevertheless, we are aware that it cannot (at the current stage of development) predict values of many appealing (experimentally observable) parameters, which remains the great advantage of the well-known composite-fermion approach.
Let us now briefly comment on the experimental justification of our approach (some of presented conclusions have already been mentioned in the paper). To start with, note that the strong connection between the fractional quantum Hall effect and the topology (through the adiabatic curvature and Chern numbers [31] [32] [33] ) has been recognized very early. Thus, the assumption (inherent in our approach) that Hall phenomenons are topological in nature should not be surprising-it was inspired by the research of well-known scientists. With regard to the Table 1 . LLL filling factors calculated using the topological approach. Hole counterparts were indicated for several electronic filling factors (in brackets). Fractions ν that have already been observed in experiments and can be easily explained with the use of the CF creation are marked with blue colour. Fractions ν that have already been observed in experiments but are tricky to justify within the standard model are marked with red colour [3] [4] [5] [22] [23] [24] [25] [26] [27] [28] . '+/−' stands for the sign in a hierarchy denominator.
, 10 19 , . . . +: confirmation, it is probably pointless to once again emphasize that all experimentally observable ν belong to the hierarchy obtained within our model (this also applies to ν = 1 2 in bilayer systems [15] , and unexpectedly robust filling factors from higher Landau levels [16] ). However, we would like to highlight the fact that the complexity of braid group generators (and the ground state wave function) is reflected in the robustness of plateaus and dips appearing in transport measurements (in future work, this correlation can be proved by Monte Carlo simulations). As a result, we can successfully predict the relative stability of investigated fillings-figure 1. Finally, other puzzles can be solved if we assume that FQHE and IQHE are semi-classical phenomenons, as indicated by the familiar requirement that the electron free path needs to exceed sample dimensions to observe Hall features (although this is not a necessary condition in our theory). For example, this provides a simple understanding of two well-known problemswhy several fillings are instable against localization effects (it is energetically inconvenient to traverse multi-loop paths) and why new incompressible states are revealed after annealing of probed samples.
Preliminary results on wave functions
We believe that we have already presented some considerable results of our topological approach to Hall systems. Nevertheless, we need to address the issue of multi-particle wave functions to complete the picture. For this reason, we have decided to present preliminary considerations concerning their construction within the topological approach. The latter is supported by Monte Carlo calculations for several filling factors. Only hierarchies with pluses in denominators have been investigated so far.
Before skipping to the main issue of this section, it is useful to clarify the connection between the symmetry of a multi-particle wave function and the system's braid group. The common belief that the statistics of particles is always described by the permutation group of N elements is incorrect. This generally accepted assumption can be easily explained-the full braid group in three-dimensional spaces is, actually, the permutation group of N elements. Nevertheless, in twodimensional spaces this is never the case-the full braid group has a far more rich structure [9, 10] . However, also in this case we select the unique representation that leads to the π phase change of a wave function under exchange of arguments, and identify it with fermionic systems. This election can be formally done using the following group homomorphism:
It is possible that some external factors restrict the full braid group to one of its subgroups, the so-called system's braid group. In this case, the statistics of a fermionic system is set by the very same homomorphism, but with the system's braid group (not the full braid group) implemented as an argument. The statistics obtained in this manner (and, so, the symmetry of a multi-particle wave function) is different from the well-known one of ordinary fermions in the absence of a magnetic field. As a result, the corresponding Ψ N may not be purely antisymmetric (and we do not need it to be), but it has to transform in agreement with this 1DUR of the system's braid group (as a rule). Finally, we want to emphasize that we are entirely aware that functions proposed in this paper vanish when one tries to antisymmetrize them-nevertheless, this is not the issue that needs to be resolved, but simply one of characteristic features that our solutions possess. It may seem that the form of cyclotron subgroup generators is insufficient to define Ψ N for an analysed ν. Nothing could be further from the truth-accessible braids give a deep insight into properties and imposed restrictions of Hamiltonian eigenstates. To justify this statement, let us examine the general filling factor expression
We have already established that the upper ν define Hall systems in which xth-order neighbours (as coordinates of M N space, not real quantum particles) can exchange. Therefore, arguments of Ψ N fall into x separate collections-each set gathers particles (as coordinates of M N space) which can be swapped by means of available exchange braids. Note that this assumption results in the not purely antisymmetric form of wave functions. However, we do not need Ψ N to be antisymmetric, we just want them to have the statistics determined by the 1DUR of the system's braid group. Furthermore, the 1DUR of b i determines a phase gained by a multi-particle wave function when two arguments from the same set are exchanged. In the cyclotron-subgroup theory, for hierarchies with pluses in denominators, the latter is always equal to qπ (where q stands for the number of half-loops in b i ).
Finally, we also expect a multi-particle wave function to reflect the complexity of braid group generators for an investigated filling. Hence, supplementary collections comprised neighbours distinguished in the b i construction (of a ζ order) should also be distinguished in Ψ N . From this assumption follows immediately that x needs to be an integral multiple of all parameters from equation (4.2) . This protects the indistinguishability of xth-order neighbours.
An explicit expression for collective-state Ψ N for filling factors specified by equation (4.2) is indicated below
where |s − t| mod a 1 = 0, |s − t| mod {a ζ , x} = 0 for ζ > 1,
. . .
It should be emphasized that our suggestion has been inspired by a great success of the Laughlin wave function [34] , as well as its generalization to partially polarized and unpolarized systems proposed by Halperin [35] . As a result, we have assumed that the ground state Ψ N is expressed in the polynomial form-this follows from the requirement that Ψ N must be a holomorphic function which is uniquely defined by its zeros (in the LLL). The great advantage of an implemented Jastrow-like polynomial lies in its tendency to keep electrons apart-there exists a significant chance that it can reduce the Coulomb repulsion energy. Furthermore, a multi-particle wave function for an interacting system needs to be spanned by a certain linear combination of the non-interacting basis, which guarantees the appearance of a Gaussian factor in Ψ N . Some features of the proposed Ψ N are worth mentioning. First, the degree of its polynomial is equal to the degeneracy of a Landau level, N 0 (typically stated as a necessary conditionit is believed that this requirement ensures that the Berry phase, which is acquired after one of arguments encircled the whole accessible part of the configuration space, is appropriate). Moreover, it is not needed to add a projection operator to obtain an analytical function entirely located in the LLL. Finally, the proposed Ψ N are not purely antisymmetric. It is worth mentioning that wave functions with this property have already been considered as possible many-body ground states in the quantum Hall regime. For example, in Ciftja et al. [36] wave functions with anyon symmetry and anyon statistics were investigated for several filling factors from the LLL (with expected values of interaction energies in a nice agreement with those of compositefermion states, or even slightly more favourable). Furthermore, the postulated transmutation of the quantum statistics induced by the quantizing magnetic field is actually similar to the uncontrolled statistic deformation caused by the projection onto the lowest Landau level (widely used in the composite-fermion model). The problem of the projection was also highlighted in the mentioned paper.
In the last part of this manuscript, we present wave functions for four (exemplary) filling factors: two belonging to the composite-fermion hierarchy and two not trivial to predict within the standard mean-filed approach. In the case of ν = 
with |i − j| mod 2 = 0,
In the case of ν = [37] [38] [39] ). Approximately 10 5 attempts to move a randomly chosen particle have been made in each simulation. Numerous initial configurations have been disregarded to obtain an acceptable thermalization. The final result for an investigated filling factor has been adopted as an average of several complete Monte Carlo simulations. The overall procedure is similar to one described by Ciftja & Wexler [40] . Monte Carlo calculations concerning these ν are summarized in table 2. We highlight a good compatibility with results of exact diagonalizations [37] [38] [39] .
We wish to add a remark concerning our Monte Carlo simulations. It needs to be emphasized that the topological approach presented in this paper is based on entirely different grounds (assumptions) from the composite-fermion approach [19] . Despite this distinction, the topological description can be implemented to explain why the idea of electron-vortex composites works so well within the lowest Landau level (i.e. the transmutation of the fermion statistics to a composite-fermion statistics actually reflects the restriction of the full braid group to one of cyclotron subgroups; the effective reduction of an external magnetic field in fact models the magnification of classical cyclotron orbits, which represent elements from a cyclotron subgroup). Nevertheless, the multi-particle wave functions proposed in this paper are not similar to the well-known Jain functions. Consequently, expectation values ofV for these many-body states are expected to be slightly different, even for the same filling factor (with no hidden correlation between them; this shift may vary quite unpredictably-with no tendency-from one filling to another). It should be stressed that mentioned differences are generally very small, which ensures that expectation values inferred from the topological approach nicely agree with those acquired from exact diagonalizations.
Concluding remarks
In conclusion, the topological approach to quantum Hall effects is based on a concept of braid groups and their reduction stimulated by the B field (in two-dimensional spaces). If a restricted version of π 1 (Ω) has a group form, then it is generated by multi-loop exchanges b i . The latter allows for the determination of the particle statistic and the occurrence of collective Hall-like features. Hierarchies obtained within the cyclotron subgroup model contain all experimentally observed odd-denominator FQHE fractions from the LLL, even those not easy to explain within the standard quasi-particle description [19, 20] .
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